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Abstract
Let D1; D2; : : : ; Dk be acyclic digraphs. Dene (D1; D2; : : : ; Dk) to be the minimum integer n
such that every k-colouring of the transitive tournament TTn contains a monochromatic Di for
some i. Let Cn; Sn and RThn, respectively, denote the monotone cycle, the out-star and a rooted
outgoing tree of height h on n vertices. Here, we nd (C3;Cn); (RT2n; Sm) and (D1; D2) for
small acyclic digraphs D1 and D2. c© 1999 Elsevier Science B.V. All rights reserved
1. Introduction
The work of Lefmann et al. [6] and Lefmann [7] motivated us [4] to dene ordered
Ramsey numbers through transitive tournaments and extend a few well-known results
in combinatorics.
We use standard terminology as given in [3] and [8]. As usual we denote a tour-
nament on n vertices by Tn and a transitive tournament on n vertices by TTn. Among
several characterizations of transitive tournaments, the following are relevant to us;
see [8].
Theorem A. The following are equivalent properties for a tournament Tn:
1. Tn is transitive.
2. Tn contains no directed cycles.
3. The vertices of Tn can be ordered: v1; v2; : : : ; vn so that vj dominates vi if and only
if j>i.
4. Tn has score vector (0; 1; : : : ; n− 1).
An acyclic digraph D is a digraph with no directed cycles; the underlying graph of
D may have cycles. Clearly, TTn contains every acyclic digraph on n vertices.
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Denition. Let D1; D2; : : : ; Dk (k> 1) be acyclic digraphs. We dene the ordered
Ramsey number (D1; D2; : : : ; Dk) as the minimum integer n such that every k-colouring
(C1; C2; : : : ; Ck) of the arcs of TTn contains a Ci-coloured Di, for some i; 16 i6 k.
The existence of (D1; D2; : : : ; Dk) follows from the classical Ramsey Theorem.
A few simple basic facts now easily follow.
Theorem B (Choudum and Ponnusamy [4]). (1) (D)= jV (D)j; for any acyclic di-
graph D. Let D1; D2; : : : ; Dk be k acyclic digraphs. Then
(2) (D1; D2; : : : ; Dk)= (D(1); D(2); : : : ; D(k)); where  is a permutation of
f1; 2; : : : ; kg.
(3) (D1; D2; : : : ; Dk)= (D01; D
0




i is the converse of Di (16 i6 k);
that is D0i is the digraph obtained from Di by reversing the orientation of each arc.
(4) (D1 ; D2 ; : : : ; Dk )6 (D1; D2; : : : ; Dk); where Di is a directed subgraph of Di
(16 i6 k).
(5) (D1; D2; : : : ; Dk)>R(G1; G2; : : : ; Gk); where Gi is the underlying graph of Di
(16 i6 k); and R(G1; G2; : : : ; Gk) is the generalized Ramsey number.
(6) Let n1; n2; : : : ; nk be positive integers. Then
(TTn1 ;TTn2 ; : : : ;TTnk )=R(n1; n2; : : : ; nk);
where R(n1; n2; : : : ; nk) is the classical Ramsey number.
We can now state a chain of theorems which are successively better. All these results
are attempts to extend a classic result of Erd}os and Szekers: every sequence of n2 + 1
reals contains a monotonic subsequence of length n+ 1.
Theorem C (Rado [9]). n1; n2; : : : ; nk be positive integers and let Pn denote the undi-
rected path on n vertices. Let Kn denote the complete graph on n ordered vertices.
Then




where r(Pn1 ; Pn2 ; Pn3 ; : : : ; Pnk ) denotes the least positive integer n such that every
k-colouring (C1; C2; : : : ; Ck) of the edges of Kn contains either a C1-coloured Pn1 or a
Ci-coloured Pni ( for some i; 26 i6 k) with vertices; say v1<v2<   <vni and edges
(−−−−!vj−1; vj); 26 j6 ni.
Theorem D (Lefmann et al. [6]). If P1; P2; : : : ; Pk are directed paths each with m+ 1
vertices; then (P1; P2; : : : ; Pk)=mk + 1.
Henceforth; let Pn denote the directed path on n vertices.
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Theorem E (Lefmann [7]). Let n1; n2; : : : ; nk be positive integers. Then




Theorem F (Choudum and Ponnusamy [4]). If D is a weakly connected acyclic digraph
on n1 vertices; then




Let tm denote an oriented tree obtained from an undirected tree on m vertices by
giving exactly one orientation to each of its edges.
Theorem G (Choudum and Ponnusamy [4]). (1) (TTn1 ;TTn2 ; : : : ;TTnk ; tm)= ((TTn1 ;
TTn2 ; : : : ;TTnk )− 1)(m− 1) + 1.
(2) (TTn; tm)= (m− 1)(n− 1) + 1.
In this paper, we evaluate ordered Ramsey numbers of monotone cycles, rooted
outgoing trees versus out-stars and small acyclic digraphs.
Directed Ramsey numbers have been studied by Bermond [1] and by Harary and
Hell [5]. In particular, Ramsey numbers for tournaments were considered by Bialostocki
and Dierker in [2].
2. Monotone cycles versus monotone cycles
In [7], Lefmann has dened a monotone cycle Cn as a digraph with n vertices say
vn; vn−1; : : : ; v1 and arcs (−−−−!vn; vn−1), (−−−−−−!vn−1; vn−2); : : : ; (−−!v2; v1); (−−!vn; v1). The vertices vn and
v1 are called the tail and the head of Cn, respectively. Lefmann has studied the number
(Cn1 ;Cn2 ; : : : ;Cnk ) and has given an interesting application of the growth of ordered
Ramsey numbers to Godel’s second Incompleteness theorem.
Theorem H (Lefmann [7]). If m; n(> 3) are integers; then 1 + (m − 1)(n − 1)6
(Cm;Cn)6 2mn− 3m− 3n+ 6.
Here, we nd (C3;Cn). For a tournament T whose arcs are coloured C1 or C2 we
use the following notation:
N+(v; Ci; T ) = fu2V : v dominates u with a Ci-coloured arc in Tg;
d+(v; Ci; T ) = jN+(v; Ci; T )j:
Theorem 1. For every integer n> 3; (C3;Cn)= 3n− 3.
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Proof. The upper bound follows by Lefmann’s theorem stated above. To establish
the lower bound we describe a critical (C1; C2)-colouring of the TT3n−4. Let A= fag;
Ai= fai;2; ai;1g (i=1; 2; : : : ; n − 2), and B= fbn−1; : : : ; b1g. TT3n−4 has the vertex set
A [ Sn−2i=1 Ai [ B and arcs:
 (−!a; x), for every x2 Sn−2i=1 Ai [ B;
 (−−−−!ai;2; ai;1), for i=1; 2; : : : ; n−2;
 (−!x; y), for every x2Ai; y2Aj; i 6= j; j>i>1;
 (−!x; b), for every x2Sn−2i=1 Ai; b2B; and
 (−−!bj; bi), for every i; j; i 6= j; j>i>1.
So, the ordering of the vertices of TT3n−4 is a>an−2; 2>an−2; 1>an−3; 2>an−3; 1>   







N+(ai; 2; C1)= faj; 1: 16j6ig[ fbj: (i + 1)6j6(n−1)g; i=1; 2; : : : ; n−2:
(2.3)
N+(ai; 2; C2)= faj; 2: 16j6i − 1g[ fbj: 16j6ig; i=1; 2; : : : ; n−2: (2.4)




Aj [fbj: (i+1)6j6(n−1)g; i=1; 2; : : : ; n−2: (2.6)
N+(b; C1)= ;; i=1; 2; : : : ; n−1: (2.7)
N+(b; C2)= fbj: 16j6i−1g; i=1; 2; : : : ; n−1: (2.8)
Claim. The 2-colouring (C1; C2) of TT3n−4 contains no C2-coloured Cn.
Let C be a C2-coloured monotone cycle with m vertices. We show that m6n−1 by
making four obvious cases.
Case (i): a is the tail of C. By (2.1), no vertex of B is in C. Moreover, C contains
at most one vertex from each Ai; 16i6n−2, by (2.3). So, m61 + (n−2)= n−1.
Case (ii): For some t, (16t6n−2); at; 2 is the tail of C (see Fig. 1).
By (2.3) and (2.4) every vertex of the subpath (at;2; : : : ; at−r; x) is from (a1; 2; a2 ; 2; : : : ;
an−2 ; 2); in particular x=2. And so, 16s6t−r; 16h6t−r. Hence,
m6(r+1) + (t−r)= t+16(n−2) + 1= n−1:
Case (iii): For some t; 16t6n−2; at;1 is the tail of C. C can be shown as in
Fig. 2.
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Fig. 1.
Fig. 2.
As before by (2.3), the subpath (at;1; : : : ; at−r; x) contains at most r + 1 vertices.
Since (
−−−!
at; 1; bh) is a C2-arc, it follows by (2.5) and (2.6), that t+16h6n−1; and so
the subpath (bs; bs+1; : : : ; bh) contains at most n−1−t vertices. Hence,
m6(r+1) + (n−1−t)= n−(t−r)6(n−1):
Case (iv): For some t; 16t6n−1; bt is the tail of C. Clearly m6n−1, since
jBj= n−1. This completes the proof of our claim.
Similarly and more easily one can show that our 2-colouring (C1; C2) of TT3n−4
contains no C1-coloured C3.
3. Rooted out-trees versus out-stars
Let Sm denote the out-star with m vertices say u1; u2; : : : ; um and m−1 arcs (−−!u1; ui);
i=2; 3; : : : ; m. Let RThm denote a rooted directed outgoing tree with m vertices and
height h, so RT1m= Sm. As in the previous sections, let tm denote an oriented tree on m
vertices.
We are unable to nd (tm; tn), infact more particular numbers (tm; S3) and
(RThm; Sn). These probably are dicult problems. We have partial results.
Let RTh(1; 2; : : : ; h−1; 1; 2; : : : ; h) denote a rooted directed out-tree with height
h; i vertices of positive out-degree and i vertices of zero out-degree at level i; 16i6h.
A RT3(2; 3; 3; 4; 3) is shown in Fig. 3.
Theorem 2. (RT2(1; 1; 2); Sm)=m−1+maxfm−2; 1g+ 1 + 2 (= ; say).
Proof. Denote RT2(1; 1; 2) by T , and suppose that the root of T dominates the stars
Sa1 ; Sa2 ; : : : ; Sak (and 1 isolated vertices) where
Pk
i=1 ai= 1+2.
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Fig. 3.
Fig. 4.
We rst establish the upper bound. Let
Sk
i=1Sai denote the disjoint union of k out-
stars and 1S1 denote 1 isolated vertices.
Claim 1. (
Sk
i=1Sai [ 1S1; Sm)= maxfm−2; 1g+ 1 + 2(= !; say).
To prove the claim we rst make an easy observation:
(Sn; Sm)=m+n−2; for any two integers m; n>2: (3.1)
Next consider a (C1; C2)-colouring of TT! with no C2-coloured Sm. Since





i=1Sai [ 1S1; Sm)6!. For the lower bound consider the 2-colourings
(C1; C2) shown in Fig. 4. Hence, Claim 1 is proved.
Next, consider a 2-colouring (C1; C2) of TT with no C2-coloured Sm. Let v be the
vertex in TT of out-degree − 1 and in-degree 0. Since jN+(v; C2;TT)j6m−2, we
have
jN+(v; C1;TT)j>(−1)− (m−2)= −m+1= maxfm−2; 1g+ 1 + 2:
By Claim 1, the induced (C1; C2)-colouring of the subtournament of TT induced on
the vertices N+(v; C1;TT) contains a C1-coloured
Sk
i=1Sai [ 1S1. So, TT contains a
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Fig. 5.
Fig. 6.
C1-coloured T with root v. Hence, (T; Sm)6. The 2-colourings shown in Fig. 5
establish the lower bound.
Finding (tm; S3) is a dicult problem, probably because there are oriented trees tm
such that (tm; S3) assumes all the values ranging from m+1 to 2m−1 (see Theorem 4
below); and so (tm; S3) is not a function of m alone.
Let RTh denote RT
h(1; 2; : : : ; h−1; 1 = 0; 2 = 0; : : : ; h−1 = 0; h) with 
vertices.
Theorem 3. Let h> 1; m> 2 be integers. Then (RTh ; Sm)6 h(m−2) + .
Proof. We prove the theorem by induction on h. If h=1, then RTh = S, and we
already know that (S; Sm)= +m−2. Next inductivley assume that (RTh−1 ; Sm)6
(h− 1)(m−2) + .
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Table 1
Ordered Ramsey numbers (Gi; Gj)
Table 2




n2 ; : : : ;RT
h−1
nk , wherePk
i=1ni= − 1. Let p= h(m−2) +  and consider a 2-colouring (C1; C2) of TTp with
no C2-coloured Sm. Let vp be the vertex in TTp dominating every other vertex. Then
jN+(vp; C2;TTp)j6m − 2, and hence jN+(vp; C1;TTp)j> (h−1)(m−2) +  − 1. We
can now use the induction hypothesis to show that the subtournament of TTp induced
on N+(vp; C1;TTp) contains disjoint C1-coloured out-trees RTh−1n1 ;RT
h−1
n2 ; : : : ;RT
h−1
nk .
Hence, TTp contains a C1-coloured RTh with root vp.
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Fig. 7.
Theorem 4. Let i; m be integers such that 16i6m− 1. Let RTm denote the out-tree
RTm−i(1 = 1; 2 = 1; : : : ; m−i−1 = 1; 1 = 0; 2 = 0; : : : ; m−i−1 = 0; m−i= i) with m
vertices (see Fig. 6). Then (RTm; S3)= 2m−i:
Proof. The upper bound follows by Theorem 3. For the lower bound consider the
2-colouring (C1; C2) of TT2m−i−1 (given in Fig. 6) which contains neither a
C1-coloured RTm nor a C2-coloured S3.
4. Ordered Ramsey numbers of small acyclic digraphs
In an attempt to nd (tm; tn) we rst evaluated (tm; tn), for all tm; tn with 36m; n64
and (tm; S3) for all tm with 36m65. These are tabulated in Tables 1 and 2 and follow
by the results proved in [4] or by case-by-case analysis. (see Figs. 7 and 8).
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Fig. 8.
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